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Optimal Finite Thrust Orbit Transfers
with Large Numbers of Burns
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This paper presents new theoretical results that are used to construct a new algorithm for the computation
of fuel-optimal multiple-burn orbit transfers of low and medium thrust. Intuitively, one might want to think of
an optimal multiple-burn transfer problem not as one large trajectory problem but as a sequence of optimal
one-burn transfers between intermediate orbits that are optimally chosen. For spherical-body gravity, a strong
relationship is shown to exist between these two problems. Theoretical results are used to transform the traditional
set of necessary conditions to an equivalent set of conditions. Based on these results, a new numerical method that
iteratively computes optimal orbit transfers is presented. Numerical results for an 11-burn transfer are presented

to demonstrate the new algorithm.

Introduction

HE main objective of thisresearch was the computationof fuel-

optimal low- and medium-thrustorbit transfers. Here, medium
thrust was taken as 1>T/W, > 0.01 and low thrust as 0.01 >
T/W, > 0.001, where T is the thrust level of the motor and W is
the weightof the spacecraftwith respectto the gravitatingbody at the
position and time just before the first burn. This particulardefinition
has been made because it is the initial acceleration that the rocket
motor produces compared with the gravitationalaccelerationat that
point that determines how easily changes in the initial orbit will be
made. In contrast, comparing the initial rocket motor acceleration
with the gravitational acceleration as it would be measured on the
planet’s surface does notdirectlyindicatethe motor’s ability to move
the spacecraft away from a very high orbit.

Numerical methods for the computation of optimal orbit transfers
have been widely studied. These numerical methods fall into three
categories: direct, indirect, and hybrid methods.

Direct methods parameterize the thrust program and then at-
temptto optimize these parameters while satisfyingboundarycondi-
tions. For example, Enrightand Conway' demonstrateda successful
scheme using collocationand nonlinear programming, in the vein of
Hargraves and Paris?; additionally, a direct transcription approach
was investigatedby Enright and Conway® and furtheredby Betts,* at
least. Another interesting direct approach is differential inclusion,
which has been investigated by Coverstone-Caroll and Williams®
and Seywald.® Vulpetti and Montereali’ used nonlinear program-
ming to optimize medium-thrusttransfers between inclined circular
orbits with two-four burns.

Indirect methods employ the mathematics of optimal control to
formulate a two-point boundary-value Problem (TPBVP), which
can then be approached with a variety of numerical methods. Brown
et al.} and Brown and Johnson’ made use of a shooting method
and some useful analytic simplifications to produce transfers with
a few burns. Brusch and Vincent'* also used a shooting method.
McAdooetal.!' developed OPBURN, a combinationof two indirect
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approaches. The first used a model for gravitational accelerations
varying linearly with distance. The data from this approach were
used as the starting iterate of another, more accurate code. Results
with this method were presented for medium-thrust acceleration
levels and two-three burns. Kluever and Pierson'? used an indi-
rect method, viz., shooting, to solve Earth-moon transfers using up
to five burns; guesses were formed using a direct method. In that
work, the moon’s gravitational field came well into play; no such ef-
fects will be considered here. Redding'? used an indirect method on
noncoplanar circle-to-circle low Earth orbit-geosynchronous orbit
problems; some results for a 16-burnsolutionand a 91-burnsolution
to that problem were presented. An exemplary theoretical develop-
mentallowed Reddingto predictcertain characteristicsof low-thrust
transfers; such predictions were documented for transfers with up
to 250 burns.

Hybrid methods are a combination of direct and indirect. These
methods are often formed by simply removing difficult conditions
from the TPBVP and optimizing some equivalentcost function over
the unconstrained parameters. Ilgen'* used a hybrid scheme called
HYTOP to compute low-thrusttransfers for an orbit transfer vehicle
study. The HY TOP algorithmmakes use of pointer vector continuity
during a transfer. The pointer vector function, and only this func-
tion, was discretized into a piecewise linear function. The state was
representedby equinoctialorbital elements. The final mass was then
optimized over the choice of the pointer vector function parameters
subjectto the TPBVP constraints.

Zondervan et al.'> used a hybrid method in a successful study
of three-burn transfers with plane changes in ideal gravity and for
thrust levels in the medium and low range. Their approach was to
take the indirect setup and release the switching function constraint.
The switching points were then optimized directly.

A common aphorismin this research areais that optimal transfers
with large numbers of burns use less fuel than optimal transfers with
small numbers of burns, when compared for the same set of terminal
orbits and the transfer time is free.

The approach used by Redding'? to obtain solutions with large
numbersof burnsrequiresthatone solve the same optimizationprob-
lem with fewer burns but an idential product of thrust X (number
of burns). This approach then follows an algorithm reminiscent of
homotopy whereby additional solutions are obtained, each succes-
sively with halved thrust and doubled number of burns. However,
that method is based on varying only the initial conditions, as in
shooting methods. Multiple shooting, which breaks a problem into
severalintervalsand creates both additionalequationsand variables,
is sometimes preferred over simple shooting. Perhaps an alternate
approach could lead to improvements.
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A new hybrid approach herein called the patched method has
been developed. This method breaks the problem into two nested
optimization problems: the fuel optimization of each thrusting arc
as restricted by a fixed choice of coast arcs and the fuel optimiza-
tion of thatchoice. The former problem is approachedusing either a
direct method or an indirect method, viz., direct collocation or mul-
tiple shooting. The latter problem is approached with a conjugate-
gradient method.

The bang-bang structure of the optimal orbit transfer solution
means that the thrust is always either fully on or fully off. Optimal
transfers are, therefore, made up of a series of individual interior
transfers (thrusting arcs) between a sequence of orbits (coast arcs)
beginning with the specified initial orbitand ending with the desired
final orbit. However, the fact that these transfers are individually
optimal transfers does not seem to be widely exploited yet. Later,
thisnotionis expressedconciselyin a mathematical sense and shown
to be quite useful for numerical methods.

Orbit Transfer Modeling

The spacecraftis represented by a point mass and assumed to be
a thrusting craft acted upon by spherical-body gravity forces of a
central body. The central body, or planet, is also represented as a
point mass positioned at its own center of gravity. Furthermore, the
problemis restricted to crafts of mass much smaller than that of the
central body; therefore, the planetis assumed fixed in inertial space.
This inertial space is described with a rectangular Cartesian inertial
reference frame (OXYZ). The central body is fixed at the center O
of this frame and the z axis is perpendicularto that body’s equator.

It is assumed that the fuel consumption rate of the motor is rep-
resented by

T
8olsp
where m is the spacecraft’s mass, T is the thrust, g, is Earth’s grav-
itational acceleration at sea level, and I, is the motor’s specific

impulse.
The equations of motion for the spacecraft are
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x(1) = flx@), T (@), er ()] )
where
x)=[r"@®) v'@) monl (3)
and
v(t)
[M}er(l‘) -1
Slx(@®), T (1), er ()] = § Lm() ri(1) G
T
gOIsp

where the position vector r(f) = [x(t) y(t) z(t)]7, the velocity
vector v(t) = [u(?) v(r) w(®)]”, pu is the central body’s gravita-
tional parameter, and e (?) is the thrust direction vector. The thrust
direction vector is constrained to have unity magnitude.

The thrust magnitude is constrained for all time ¢ € [0, #/]:

0=T =< T )

For problems in which the ideal, or spherical-body, gravity as-
sumption is acceptable, coasting trajectories are well understood
and can be analytically represented. Therefore, it is simplest to op-
timize the exit, or thrust on, point on the initial orbit and the entry,
or thrust off, pointon the final orbit. A real spacecraftimplementing
the orbit transfer could simply wait in the initial orbit until arrival
at the initial orbit exit point, indicating that the maneuver should
begin.

Hence, the boundary conditions must determine all orbital ele-
ments except position on orbit and are written as

Vix(to)] = ao (6a)
Vix(tp)] = oy (6b)

where the function ¥ determines these orbital elements for the state
in question and o and o ; are vectors containing the desired values
atthe initial and final points, respectively. Obviously, the functionis
of one less dimensionthan its argument. Such a determinationcould
be accomplished several differentways. However, using the angular
momentum and eccentricity vectors is perhaps the simplest.!® For
planar transfers, all motion can be placed in the X-Y plane, and the
components of the ¥ function are

Y =h=xv—yu (7a)
Yo = pe, = [V — pn/r)x — (" v)u] (7b)
Y3 = pe, = [(V — p/r)y — @"v)v] (7c)

where £ is the angular momentum, e, is the X component of the
eccentricity vector, and e, is the ¥ component of the eccentricity
vector.

In the three-dimensionalcase, these vectors have six components.
Because the angular momentum and eccentricity vectors are al-
ways perpendicular,one of these components will be redundantand
thus removable. There is one restriction on which component is
removed—it can be seen clearly by considering the property that
the vectors are always perpendicular, expressed as

hyex + hye, +hee. =0 ®)

The six components are linearly dependent. A component of one
of the two vectors can be removed if it can be computed using
Eq. (8). If, for the orbit transfer problem in question, z, # 0 on a
terminal orbit, then the i function components can be written as
the following:

Yr=h, =yw—zv (9a)
Y, =hy = zu — xw (9b)
Y3 =h, =xv—yu (9¢)
Yy = pe, = [0 — p/r)x — " vu] (9d)
¥s = pey = [(0° — p/r)y — ("] (%)

Anticipating numerical applications, note that the problem can
be nondimensionalized. This aids by making all states roughly the
same order. The nondimensionalizatias follow:

F=— (10a)
r*
= — (10b)
m*
~ t
t= (10c)
Ve
and they require the following:
= — (10d)
= Vil
~ t
tp= ! (10e)
Ve
. T/m*
T =
o/ (10f)
A7 gOIsp
(&olp) = (10g)

The choices of r* and m* are completely arbitrary.
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Application of Optimal Control
For this problem the choice of performance index is clear:

J =m(t;) (1D

where m (t ;) represents the mass of the spacecraftincludingits fuel
at the end of the orbit transfer. The intent, then, is to maximize the
performance index, viz., to maximize the mass at the end of the
transfer.

The TPBVP is constructed using the necessary conditions in the
usual manner."” The steering direction vector constraintis included
in the Hamiltonian, which can be defined for the optimization prob-
lem as

Hix(t), T(1),er (1), ()] = 2" (@) flx (), T (1), er (1)]

+i[e] (er () —1] (122)
H=3y +A{[<Z>er - (%)r}
m re
_xm[ L } + Ae(efer — 1) (12b)
(gOIsp)

from which the Euler-Lagrange equations are obtained as ordinary
differentialequations (ODEs) governing the Lagrange multipliers

: oH'\" a o 3(Ir)r
A"__<W> —M|:r—3— P :| (13a)

T
A, = —<ﬂ> =—A (13b)

. oH T
)»m = _<8_m> = <ﬁ>)\5er (130)

The next Euler-Lagrange equation is easily derived as

OH 9 [T T

— = — | —=rTer +a(eler —1) - | = =27 +20.el =0

aeT aeT |:m veT+ (eTeT ) i| m v+ er
(14)

so that the necessary condition is satisfied if ey =A,/|A,| and
re = (T|Ay])/(2m); in other words, the thrust direction is parallel
to A,, which Lawden thus referred to as the pointer vector.!® This
choice is further supported by a sufficient condition. Note that

0°H
aeraeT

T
=2 = =1, >0 (15)
m

when |X,| > 0,T > 0, and m > 0; if any one of these is violated
during a burn, the trajectory is immediately indeterminate.

The switching function is derived by using the maximum princi-
ple. The thrust magnitude, which has bounds 7},,, and 0, will give
H its maximum value if 7 is at its maximum value when Hy > 0
and at its minimum when Hy < 0. The switching function is

and the switching law is

Hr > 0, T = Thnaxs Hr <0, T=0 (17)
If Hr were to be zero for a finite time period, the control would be
singular.

Many authors'® '3!? have identified the switching law, and associ-
ated switchingfunction, as a source of strong sensitivityin numerical
solutions.

To complete the TPBVP, optimal control supplies a set of natural
boundary conditions

3G !

Mip) = {m[x(fo),x(ff), Vo, Vf]} (18a)
G T

Ato) = —{ o) [x(f0), x(t5), vo, Vf]} (18b)

where G is defined as

Glx(to), x(ty), vo, ve] = m(ty) + V;{W[x(tf)] —ay}

g (Y x(t)] — o} (19)

and ¥ (x) was defined in Egs. (7a-7¢) for two dimensions and
Egs. (9a-9e) for three dimensions. Therefore, the natural bound-
ary conditions can be expressed as

L [ov '
-
A [ KN ' (20b)
NI R
dm(tp) =1 (20c)
where
T
Y
]
[r«] 2rv" — ") —vr" 1T
v TV —w + a ~[rr" — "I} @D
(r'r)?

and the subscript X denotes the skew symmetric matrix representa-
tion of the cross product.

Finally, for free transfer time the transversality condition must be
satisfied:

G
Hlx(tp), u(ty), A(ty)] = T 0 (22)
f

New Method for Optimizing Orbit Transfers

The patched method exploitsthe followingidea: any interior one-
burn transfer taken between two neighboring coast orbits of an N-
burn transfer should be easier to solve than the N-burn transfer as a
whole. It then makes sense to considerusing the values of the orbital
elements of each intermediate coast orbit as free parameters.

Given these parameters (orbital elements, excluding position on
orbit), the performance (final mass) is computed by solving each
individual one-burn problem in succession. The problem is solved
when a local maximum of the final mass is found by varying the
free parameters.

The patchedmethod does not enforce satisfactionof Pontryagin’s
maximum principle. For this problem, Pontryagin’s maximum prin-
ciple supplies the switching law as Eqs. (16) and (17). The method
only guarantees that the thrust will switch values at the zeros of the
switching function, Eq. (16); it does not guarantee that the polarity
will be consistent with Eq. (17). However, this turns out to be an
easy condition to check after iterations converge.

A few reasonable and common assumptions are made. It is as-
sumed that the only forces on the spacecraft are spherical-body
gravity and the thrust from the rocket motor. The number of arcs of
maximum thrust (number of burns) is assumed fixed; choosing the
number of burns is often desirable and makes the problem easier to
solve. The first and last arcs are assumed to be of maximum thrust;
however, under the assumption of spherical-body gravity no gen-
erality is lost here. Arcs of intermediate thrust are assumed not to
exist in the trajectory because numerical experience indicates that
such arcs are rare. It is assumed that no part of the trajectory will
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\_/ |
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Update orbital elements {«; ... ap.1), attempting to increase
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Fig. 1 Diagram depicting the inner-loop and outer-loop structure of
the patched method.

be rectilinear; in other words, the angular momentum vector never
vanishes. Rectilinear trajectories are unlikely ever to be of interest
in an orbit transfer problem, and if they are of interest, the implica-
tions of zero angular momentum should motivate the development
of specialized methods.

Usually, when a hybrid method is formulated, the assumption is
made that the solutionto this new problemis always a solutionto the
original problem. Intuitively, this is often easy to accept. However,
it is even more reassuring to be able to show the relationship that
exists between the original formulation and what is used by the
hybrid method.

What follows shows thatnecessary conditionsfromthe traditional
problemstatementare, in fact, equivalentto the necessaryconditions
that arise from the optimization loop of the patched method. Also,
some details of the implemented algorithm are presented.

Architecture of the Method

The architecture of the patched method is best described as an
inner and an outer loop. Figure 1 depicts this structure. Given a
choice of orbital elements for the terminal orbits of each one-burn
subproblem, the inner loop solves each subproblem in succession.
Each one-burn transfer has its terminal points and transfer time free
for optimization. However, the resulting multiple-burn trajectory
is a suboptimal transfer; it lacks the optimal choice of intermediate
transferorbits. The choice of transferorbitsis made by the outerloop
via unconstrained minimization of the multiple-burn trajectory’s
fuel consumption by iterating on the choice of values of the orbital
elements for the intermediate transfer orbits.

This approach may be contrasted with multiple-point shooting
where some nodes have been forced to coincide with switching
times. Such a method combines both the inner and outer loops de-
pictedin Fig. 1. In that case, the whole transferis determined at one
time. For example, if one interrupted a multiple-pointshooting algo-
rithm in between iterations, one would find a piecewise-continuous
trajectorythatmay or may notsatisfy the boundary conditions. How-
ever, if one interrupted the outer loop of the patched method, one
would find a continuous trajectory that satisfies the boundary con-
ditions and consists of a sequence of fuel-optimal transfers between
fixed orbits (coastarcs). Therefore,as demonstratedlater, the Hamil-
tonian is zeroed on each transfer. If one interrupted the inner loop,
then the transfer of the currentiteration would be piecewise contin-
uous. The pointis not that one of these approachesis better than the
other, just that they are different.

The method that has been chosen for the outer loop is the
conjugate-gradientmethod taken from a common reference  Be-
cause sucha method tends to have better performanceif itis supplied
with an analytical gradient, such a gradient was formulated for this
case; the formulation will be presented in this section.

The architecture of the patched method indicates a useful new
paradigm for the orbit transfer problem. That is, one might think of
the multiple-burntransfer optimizationas the problemof optimizing
the fuelused by choosingthe intermediatetransfer orbits, expressed,
given ag, ay, mo, c,and T, as

min E tyi a,,l,a,,TcmO—cE trii— (23)
aj,i=1,N

i=1 j=1

where T is the thrustlevel, m, is the initial spacecraftmass, ;o = 0,
and #4;(o; _y, «;, T, m;) shall be called the transfer time function.

The transfertime functioncomputes the optimal transfer time for the
orbit transfer problem defined by the initial orbital elements «; _ 1,
the final orbital elements «;, the thrust level T, the initial mass m,
and the fuel consumptionrate c. In Eq. (23), the value for the initial
mass of each burn is calculated knowing the transfer times for the
burns before, giving an unconstrained minimization problem.

In the next section it will be proven that certain conditionsneces-
sary to solve Eq. (23) are equivalentto certain conditions necessary
to solve the orbit transfer fuel-optimization problem, under certain
assumptions. It is not claimed that the two problems themselves are
equivalent. It will be seen that the assumptionsimposed are few and
quite practical.

Computing the Transfer Time Function

Unfortunately, there are no analytical expressions or approxima-
tions for the transfer time function. If there were, the separation of
this optimization problem would be nicely complete—knowledge of
the state and costate time history duringa burn would be unnecessary
to find the exact multiple-burn extremal transfer. An approximate
formulationunder certain conditionsmay be feasible’! ; however, for
generality, the patched method computes it numerically in the in-
ner loop. As implemented for this research, the inner loop uses both
directcollocation with nonlinearprogramming (DCNLP)' and mul-
tiple shooting'” to solve the one-burntransfer. Each time the optimal
solution for a one-burn trajectory is required, either method may be
used. For the first iteration, the choice is up to the user. If DCNLP is
requested, the solutionis found for a high tolerance. Once this toler-
anceis achieved, a multiple-shootingguess is constructed. Multiple
shooting is then used to reduce the error to the desired, lower toler-
ance. If multiple shooting was requested as the initial method and
it fails, a DCNLP guess is constructed, and DCNLP is attempted. If
DCNLP is successful, then multiple shooting is used again.

This structure was chosen because it was found that DCNLP was
typically much too slow to use with each inner loop iteration but
multiple shooting typically could not converge for rough guesses.
The failure of multiple shooting typically occurred with the first
iteration if the initial guess for the transfer was poor or if the outer
loop took too large a step.

At this point, the question of converting the solution from a direct
method to a guess for an indirect method arises (the inverse process
is trivial because the solution obtained by an indirect method inher-
ently contains more information). Explaining this processrequires a
look at the adjoined performance index. The adjoined performance
index for the jth of N one-burnproblems (j =1,...,N)is

Jy=mi(t) + vy, (WX 0] =i} + vy (Yl )] — o)

i
+&/[m;(0) — B;1+ / AT Of[x; (1), erj (D] — % (1)} dr
0
(24)

where x; (t) is the state, u; () is the control, #4; is the free final time
(the initial time is fixed at 0), «; _; and «; are the initial and final
boundary parameters, ¥, (x) and ¥, (x) are the boundary constraint
vector functions, m(¢) is the spacecraft mass, f[x;(?), er;(t)] is
the state dynamics, and m (¢;) is the performance index to be max-
imized. The parameter 8; is fixed while solving each one burn; its
value is equal to the initial mass constraint (11¢) or the final mass of
the previous burn

Bi=m; [tr;-v] (25)

The discretized version for the same problem, divided into M
nodes indexed by i and designed for a direct method, follows:

Jp =g+, 160 — a1+ n0,00(0m) — ;]

M
- Bi1+ Z l/«;,-Ai(.Yj,is ;i) (26)

i=1

e
+ojlmj,

wherey; is the state, w; is the control, ¢; (y) and ¢, (y) are the bound-
ary constraintfunctions, A; (y;, w;) are integrationconstraints, 71, ;
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is the spacecraft mass, and 7y is the performance index to be
maximized. Assignment of §;, in this case, is as follows:

Bi=mj;_yu 27

Because, forany 1 <k < M, bothformulationssolve the same prob-
lem with j = k, one can assume that J; = J; for any choice of a;
and oy | with n_1_,- MM 1[l‘f(j _ 1)], then

0, 3 9J; 9J;
do; B’ dajpr 0oy
9J; 3J;
omj_qltyg-nl  9mj_1m

One evaluates these partials at the known solutions for both optimal
control problems, and the resulting equations are simply

8J; = —vy, a1 — v, 8a; —E]3B; (28)

8J; = —ny;_ datj 1 — 100, — 0] 86; 29
It is now quite clear that because the gradients were surmised to be
approximately equal, then vy; | & ny;_1, 12 R 125, and §; =~ o).

A simple approach to convertinga solution obtained with a direct
methodinto an appropriateguessfor an indirectmethod is now clear.
One may use a direct method (DCNLP) to compute 7, _ 1, 172,, and
o;; giving values for v,; _1, v;, and &;, then use Eq. (18b) to obtain
an approximation of the costates at the initial time. Knowing the
states and the costates at the initial time, obtaining an approximate
time history merely requires the solution of an initial value problem.
This time history can be used as a guess for the indirect method
(multiple shooting).

Gradient of the Cost Functional
The cost for the entire transferis

N
gO s
Jf=fo.f p[mN(th)

j=1

my(0)] (30)

where the mass at the end of the jth burnis a functionof o, o _ 1,
and m ; _,. This is obviously an equivalent expression to Eq. (23).
Omitting some simple steps of calculus and algebra, one may easily
write the gradient of the cost functional J; as

Ay —8lyp ﬁ om; i [trn]
by T | 1 om;(1;)
iZit1 i\

N 3mi+1[ff(i+1)] B 3mi+1[tf(i+1)] om;(ty;)
80[,‘ Bm,-(tf,-) 80[,‘

i=1,...,N=2 (3D

0Jr =80l | dmy(tsn)
doy _ T day —
omy (tsy)

3mzv71[tf(zv71)] }

BmN,l[tf(N,l)] 80le1

Equations (31) are not yet sufficient to implement the patched
method. Expressions for evaluating the terms in Eqgs. (31) are re-
quired. To begin, note that m; is the performance index of the jth
burn. Referring back to Eq. (28), one observes that

0J; om ; (t¢;
8_-7 _ Omily) 7 (32a)
o darj
0J; om ; (t¢;
a_-f _ Omily) —7 (33b)
o o
A dm(ty) e, (340)
- J

3/3_,‘ - Bm_,-fl [tf(.ffl)]

so that Egs. (31) can be restated as

T, gl | Y4
f 0Ly
Pl [T &0 |[vhe +&v0]

j=i+1

i=1,....N—2 (35

aJ ol
ﬁ ng[VZN—l—’_SNVZ(N—l)]
This simply gives the gradient of the overall cost function in terms
of the Lagrange multipliers from each respective one-burnproblem.
It is interesting to note that zeroing this gradient supplies simple
relations between the Lagrange multipliers associated with the be-
ginning of one burn to those associated with the termination of the
previous burn. It is the patching together of optimal burns implied
by these relations that inspired the name of the patched method.

Analytic propagation of the costates as implied by zeroing
Eq. (35) has been widely studied. The relationship between the
costate and state matrizant has provided strong motivation. An early
solution was derivedby Lawden.'® Danby?? has produceda laudable
and often noted formulation. The work of Clohessy and Wiltshire **
too, has become something of a classic reference. Many other ref-
erences may be found in Ref. 24, where even another formulationis
derived. Other notable and less often referenced works in this area
include Refs. 25-27, among others.

Equivalent Set of Necessary Conditions

The followingresults will prove useful to showing the practicality
of the patched method conditions.

Lemma 1: If the matrix I' € R~V >" yields rank (T') = n — 1
andsatisfies " f = 0, f € R" while f satisfiesA"f = 0,1 € R",and
fTf # 0, then A may be expressedas A = I'"v where v € R" !,

Proof: If rank(I') = n — 1, T f = 0, and f7f # 0, then f is in
the null space of T, and it is obvious that rank([['7 f]) = n. This
in turn implies that there existsa v € R"~! and B € R such that

a=[r7 Y
v ]

Now, AIf =0=VITf+BfTf=0= Bff=0=p=0. O
Lemma 2: Consider the following system of ODEs:

%x(t) =f® @

d 3 !
EMU = —{af[x(t)]} A1) (ii)

and a matrix function I' (x), if (d/d)T'[x(¢)] + T'(3/9x) f[x(t)] =
0, then the vector function A(f) = I'[x(¢)]" v is a solution to the
differential equation (ii).

Proof: To show that a function is a solution to (ii), it suffices to
substitute the function into both sides of (ii) and show that equality
holds:

d d '
LHS = E{F[x(t)]Tv} = {EF[x(t)]} v

T
RHS = —{if[x(t)]} Tlx)]"v
ox

The left-hand side will equal the right-hand side if (d/df)T"[x ()] —|—
['(9/9x) flx(1)] = 0.

The following definitions are precursors to a theorem that w1ll
prove the equivalence between necessary conditions for the patched
method, which will be expressed in the definition of conditions
{IT}, and necessary conditions derived from the usual application
of optimal control theory, which will be expressed in the definition
of conditions {I}. The specific problem formulation for which such
conditions are equivalent will be defined as {P}.
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In what follows, C? denotes the set of i-dimensional vector func-
tions that are continuous with respectto all arguments, vector and/or
scalar, and U denotes the set of piecewise-continuousscalar func-
tions with one scalar argument.

Definition: The optimal control problem {P?} is of the following
form: minimize J = y(#,) subject to the following constraints:

x(1) = flx()]+ gly @), v(0)]u@), x(t) € CY
v(t) € C°, y(t) = cu(t), y(t) € C?
0<u() < una, u@) el

Ylx(to)] —ao =0, Ylx(tp)] —ar =0

ylx(n]eC) |, y(to) = ¥o
where ¢, is free for optimization, 7, is fixed and satisfying the fol-
lowing assumptions:

D {@y/ox)x(0)} flx(@)] =0

2)u(t;) #0,u(ty) #0, and the number of arcs with u = t,, is N

3) g[y(t),v(¢)] is not linear in v(t)

4) The solution contains only arcs with u = 0 or u =

5) rank{(3y/0x)[x(t)]} =n — 1

6) {(d/d0) (3 /)Y [x(D)] + (8/32)9 [x(1)](3/3x) flx()]} = 0
when x(¢) = f[x(?)]

DT O] # 0 Vi € [1o, 1]

Consider the usual optimal control formulation, introduction of
the Lagrange multiplier functions A(¢), the Hamiltonian H[x(?),
(1), v(t), u(t), A(t)] function, and the following partition of A(7):

. A (t
A =1, ( )} ,

Ay(1)
Conditions {1}: For optimal control problem {P}, the conditions

{I} are
Hix(t), y(1), v(t), u(t), M(1)] = AT (1) flx(1)]

A (1) € CO, A1) e C?

+{A (gly @), v + chy () Ju(t) =0 (36)
d 3 !
T = —{a—xf[x(t)]} () 37
d ~ o]
—hy (1) = A ()T —gly (@), v(t)] pu() (38)
dr ay
~ T 0
b} 5-gly (), v (O] p =0 (39)
T
N 0 R
hlty) = {a—f[xaf)]} by (40)
T
h(ty) = _{%[x(fo)]} Do (41)
0x
At =1 (42)

A (t) 8Ly (1,0), v(t)] + iy () = 0

i=1,...,2(N—-1) (43)

These are the transversality condition, Eq. (36); the Euler-
Lagrange differentialequations, Eqs. (37-39); the natural boundary
conditions, Eqs. (40-42); and the condition that the switching func-
tion vanishes at the switching points, Eq. (43). It is also required
by conditions {I} that the control u(¢) switch values across each
switching point, in a pattern consistent with assumption 2.

Conditions {11 }: For optimal control problem {P}, the conditions
{I1} are

Hilx(t), y(1), v(®), u(0), 2 (D] = A () fLx(0)]

+ {2 O gLy (). v(O] + i (D) Ju(t) = 0 (44)
iit——i t Tit (45)
” «i() = axf[x( M Axi(®)

d- - o8
E)Vyi(t) = =i (1) a—g[y(f),v(t)] u(t) (46)
y
U(t) = Umax (47)
~ T 0
Axi (1) Eg[y(t), v()]¢ =0 (48)
T
- 9
A(t) = —{a—f[x(fi)]} Vi (49)
T
~ 0 "
A (tyi) = {a_f[x(tfi)]} Vi (50)
Ayi(tr) =1 (51)
170(i+1)+5»y(i+1)(fi+1)l~)fi =0 (52)
x(ti 1) =x(ty) + Slx@)]dr
" (53)

V() = y(t 1) = y(t)
u)=0,1€ [ty t;11]

where Eqs. (44-48) are defined for ¢ € [, t;;], and the following
partition is defined

A (t) € CY, A1) € C?

All conditionsin {IT} are defined fori = 1, ..., N exceptEqgs. (52)
and (53), which are defined only fori = 1,..., N — 1. Finally,
t; = 1y is assigned and the value for 7 is seento be 7.

Theorem 1: If and only if

(), y(0), v(0), u(t), h(t) | 1 € [to, 171},
Do, Uy, tp {ty i =1,...,2(N = 1)} 54)
satisfies {I}, then
(), y(0),v(0), ut) | £ € [, 11},

{Gu(t),t € [y tl), tis tris Dois Vi |i=1,..., N} (55)

satisfies {II}, assuming that the constraints and assumptions from
{P} are satisfied.

Proof: Tt will be shown, for both the necessary and sufficient parts
of the theorem, that if one condition holds, then a constructionmay
be made such that the other is satisfied.

Assume that Eq. (54) satisfies {I}. A solution to {II} will be con-
structed from Eq. (54) going backward in time. For the last 4 = 1,
arc, where t € [ty, tsy], define

i}fN = ﬁf (56)
Iy =ton -1 57
v (1) = (1), 1€ [ty tyn] (58)

These definitions allow Eqs. (36-40) and (42) to imply satisfaction
of Eqs. (44-48), (50), and (51) for t € [ty, t;y] and i = N. Equa-
tion (43) for i =2(N — 1) specifies that the switching function
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is zero at the beginning of this interval, where t =ty. There-
fore, satisfaction of Eq. (44) for i =N clearly implies that
)‘Lv (tn) flx(ty)]1=0. Considering this result, Lemma 1, with
Clx(ty)]= (0¥ /3x)[x(ty)] and assumptions 1, 5, and 7, implies
that there exists a —bgy € R"~! such that Eq. (49) is satisfied for
i = N. This completes the definitions for the final u = u,,, arc.
Considerthenextinterval, wheret € [ty _ 1, fy], the definitions
will now be extended into this interval. Define ;v _1) = f;on —3)-
The conditions {I} specify that u(¢#) = O for ¢ in this interval. This
implies that Eqs. (53) with i = N — 1 are consistent with the switch-
ing structure of {I}. Define
Axn () = Ax (1), t €ty —1,ty]
Use of this definition with Eq. (49) satisfied for i =N, then
Lemma 2, with I'[x(¢)] = (3y/dx)[x(¢)] and assumption 6, im-
plies that the Lagrange multipliers satisfy

T
S‘fx(tf(N—l)) = {%["(U(NU)]} [=bov] = 5‘*‘[*<2N*3>]

Thedefinition Vs — 1y = —[1/A,(ty)]Von thenimpliesthatEq. (52)
fori = N — 1 is satisfied. The constructionfor the lastu = 0 arc is
complete.

Define

Iv_1 =Laon-»

. 1 .
Avo1(t) = 3 A(), te [tN—l,tf(N—l)]

Ay (ty)

Note that this definition implies satisfaction of Eq. (51) for i =
N — 1 because A, (ty) = Ay[f;v—1y]. This also makes satisfaction
of Eq. (52) fori = N — 1 imply satisfaction of Eq. (50) fori =
N — 1. After establishing these constructions, the arguments for
the previous u = uy,, and u = 0 arc may be repeated. With each
repeat, the construction is made with scaling by an even earlier
value from A, (¢) in the following sequence A,(%;),i = N,...,2.
Such repetition may be continued until the beginning of the first
burn is reached. At this point, the definition

~ [
Vo1 = % Vo

Ay(t2)

implies satisfaction of Eq. (49) with i = 1 and completes the proof
of the if part of the theorem.

Assume that Eq. (55) satisfies {II}. The construction of the solu-
tion to {I} will proceed backwardin time. Considerthe last 4 = ty,x
arc, where ¢ € [ty, t;y]. Define

Dy =Tyy, ton—1) = Iy

(1) = (), 1€ [ty 1]
Fort € [ty,t;y] and i = N, this construction lets Eqs. (44-48),
(50), and (51) imply satisfaction of Egs. (40) and (42) at the final
point and Eqgs. (36-39) during the interval. Now, it is obvious that
satisfaction of Eqs. (36) and (49) with i = N in this interval under
assumption 1 implies that Eq. (43) is satisfied fori = 2(N — 1);
in other words 7,5y —1) is a switching point. This completes the
construction for the last u = u,,, arc.

The definitions will now be extended into the interval [75y — 1),
ty]. With Egs. (53), the conditions {II} specify that u(t) = O for ¢ in
this interval. Define #;oy —3) = (v — 1) This implies that Eqs. (53)
are consistentwith this switching structure of {I} up to and including
this interval. Now define

) oy o
A1) = E[x(t)] [—von]

for all ¢ in this interval. Knowing u(t) = 0 and that Eqs. (53) are
satisfied in thisinterval, Lemma 2, with assumption6 and I'[x(?)] =

(0 /9x)[x(t)], implies satisfaction of Eq. (37) in this interval is
implied. Define

() = Ay (1)

for all # in this interval. Knowing u(t) = 0, this immediately im-
plies satisfactionof Eq. (38) in the interval. Finally, because Eq. (36)
was satisfied in the previous interval, Egs. (37) and (38) are satis-
fied continuously from # = #; to any point in the current interval,
and because the control switched values at a switching point, then
Eq. (36) is satisfied in this interval. This completes the construction
for the lastu = 0 arc.

Define t,on -4y = ty—i. Consider the interval [ty i, frv— 1)l
Conditions {II} specify thatthisis a # = u,,, interval, which, by the
definitions, is consistent with the switching structure of {I}. Define

A (1) = Ayn (tn) sy — 1) (D), Ay (1) = Ayn (tn) Ay 1) (0)

in this interval. Equations (44) and (50) withi = N — 1 imply that
tyv—1 is a switching point. Considering the definitions, Eq. (50)
withi = N — 1 and Eq. (52) withi = N —2, obviouslycontinuityof
the Lagrange multipliers A, (f) across the switching point? .y _ ) is
implied; continuity of iy (1) across this pointis immediately implied
by the definition. Therefore, Eqs. (37) and (38) are satisfied across
the switching point.

The previousarguments for the final u = u,,x andu = O arcsmay
be repeated, implying satisfaction of the conditions in {I} for each
interval. After repeating the arguments and reaching the beginning
of the trajectory, the following definitions will have been made and
are presented for the sake of clarity:

N aw T
Axm:[ I1 A,v_,-a_,-)“g[x(t)]} (ol 1€ [trenu]

j=i+1
i=2,....,.N—1
A N ~
Ay(t) = H Ayi ) ] te [ty
j=i+1
i=2,....,.N—1
A N ~ ~
o= T] e . tE 1]
j=i+1

i=1,...,N—1

Finally, for the first # = u,,,, interval, one more definition is re-
quired. The definition

N
by = {H i (n-)} 7o

i=2

forces satisfaction of Eq. (49) with i =1 to imply satisfaction of
Eq. (41). o

The theorem does not assure satisfaction of Pontryagin’s mini-
mum principle. This principle requires that

u(t)y =0 when A ()7gly(®),v(1)] + ¢y () > 0

U(t) =ty when A (D)7g[y(t),v(t)] + ch,(t) <0
(59)

It should be noted that in the application of the patched method
to the optimal orbit transfer problem, a second-ordercondition was
takeninto account. Lawden’s pointervector theory is a second-order
condition and is explicitly specified. Also, note that this condition
was determined considering the maximization problem instead of
the equivalentminimization problem.

To apply Theorem 1 to the orbit transfer optimization problem,
the assumptions of the theorem must be satisfied. Assumptions 1, 3,
and 7 are obviously satisfied; however, note that these assumptions
requirethe controlto be an angleinstead of a unit vector,asin Eq. (4).
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There may still be debate over assumption 4; nevertheless,based on
numerical experience, orbit transfers that violate assumption 4 are
rare if they exist at all.

Assumption?2 is made in anticipationof the ideal gravity assump-
tion. In such a case, coasting before the first burn contributes zero
cost and coasting after the final burn contributes zero cost. It there-
fore makes no sense to allow such arcs as part of the trajectory to
be calculated. If an initial and/or final coast arc is desired, it may be
added to the computed trajectory without affecting optimality.

Rectilinearorbits will be explicitly excluded from candidate orbit
transfer trajectories. Such orbits intersect the center of gravitation
and are, therefore, rarely of interest for the orbit transfer problem.
With this exclusionmade, assumptions5 and 6 can be shown true for
the orbit transfer optimization problem. These exercisesare omitted
and left for the reader to verify.

Assumption 6 is more than just satisfaction of a simple condition
that proves useful to the theorem. In fact, this shows that Eq. (21) is
the solution of the ODEs for the Lagrange multipliers, Eqs. (13a-
13c¢), when the Hamiltonian vanishes and ideal gravity is assumed.
As reviewed earlier, many previous research efforts have focused
on obtaining such solutions.

Solution Using the Patched Method with 11 Burns

The 11-burnsolutionrepresented by Fig. 2 represents the current
capability of the patched method. For this example, the thrust level
is 0.09698, the product g/, is 0.3929, and the initial mass is 10.
The initial orbit is circular with a radius of 1; the final orbit has
an eccentricity of 0.398 and a semimajor axis of 1.708. With this
information the value of T'/ W, for this transfer is calculated to be
0.009698, placing it at the interface of the low- and medium-thrust
transfer ranges.

Figure 2 is a plot of the transfer orbit elements, viz., angular mo-
mentum, eccentricity vector x component, and eccentricity vector
y component, vs transfer orbit number. The shape of the angular
momentum and eccentricity x-component curves seem to indicate
a second-order polynomial fit could be used to reduce the number
of variablesin the problem. The eccentricity y componentis always
small in this transfer, suggesting that it could be assumed to be zero
or, more generally, the same parameterization may be used. The
zeroth orbit is the fixed initial orbit, and the eleventh orbit is the
fixed final orbit.

Figure 3 shows the angular position of the initial orbit exit point
and final orbit entry point of each vs the index enumerating the
transfer orbit at which the burn ends. The symmetry of this plot is
somewhat surprising. Even though each transfer orbit has its apse
roughly aligned with the x axis, each pair of angular positions are
not reflected about the x axis. The trend over time is almost exactly
opposite between the two positions, but note that the values are not
quite the negatives of each other. Also, it is clear that each burn of
this transfer is a perigee burn, nearly centered at perigee.

Another interesting trend is found in Fig. 4, showing the burn
length vs the same index as before. The burn length decreases mono-
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tonically with each successive burn. One can, of course, observe a
relationship in the trend of burn length and angular positions from
Fig. 3. Both plots have a sharp change at the third burn that, with the
fifth burn, returns to follow the trend from the first two. (Note the
scale of the vertical axis in Fig. 3—these are not large excursions.)
The irregular trend near this burn is attributed to the high tolerance
given for the convergence criteria of the outer loop, which chooses
the values for orbital elements of the transfer orbits (coast arcs). As
this tolerance lowers and the solution becomes more accurate, we
expect the trends in Figs. 3 and 4 to appear more linear.

The tolerance for the convergencecriteriaof the innerloop, on the
otherhand, was lower. As a result, the Hamiltonian, plotted in Fig. 5
from Egs. (12b), (16), and (17), evaluated at points equally spaced
across each burn, is seen to be quite close to zero with a small vari-
ance about zero. This is a reflection of the accuracy with which the
inner loop has computed the fuel-optimal one-burntransferbetween
each prescribed coast arc.

Note that the patched method does not deal directly with values
of the states or costates during a coast arc. The outer loop ensures
continuity of the costates across coast arcs because optimization
of Eq. (30) forces its gradient, Eqs. (35), to vanish. For this solu-
tion, the optimality of each burn as a transfer between fixed orbits
is more accurate than the optimal choice of transfer orbits (coast
arcs), or equivalently, the continuity of the costates along a coast
arc. Furthermore, the continuity of the computed solutions to the
differential equations (2) and (13a-13c) is the most accurate. This
pecking order of accuracy is essential to the operation of numerical
analysis software.

The thrust control history for the 11-burn extremal solution is
shown in Figs. 6 and 7. Figure 6 shows the control as the angle
betweenthe thrustand velocity vectors. This indicatesjusthow close
this extremal solution comes to having a tangential thrust control
law. Note that the thrust angle never ventures more than 4 deg away
from the velocity vector. Furthermore, though the plots show the
anglein absolute value, it is clear that each burn has a thrust control
law fairly linear in time.
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Figure 7 shows the control as the angle between the thrust and
position vectors. Shown in this way, the data emphasize the fact that
the control has a small, though not likely negligible, radial compo-
nent throughoutthe burn. A nearly linear relationship between this
angle and time is also apparent.

It should be noted that this solution falls short of having a tangen-
tial control law. A reasonable approximation for this control could
be a thrust control angle that is measured from the velocity vector
and varies linearly with time.

Conclusions

The conditions upon which the patched method is based have
been proven equivalentto the optimal control necessary conditions.
However, it is required that Pontryagin’s maximum principle be
checked after iterations have converged.

An interesting spinoff of the theoretical development is a new
formulation for the integration of the Lagrange multipliers over a
time-optimal coastarc for the nonplanarcase assumingideal gravity.
The formulation results from satisfaction of Lemma 2.

Because of its use of a direct method, the patched method was
able to obtain the one-burnsolutions between each pair of orbits; the
multiple-shootingalgorithm was not as capable in thataspect. Also,
the optimization of the transfer orbits usually proceeded well in the
sense thatiterations converged. However, the overall method tended
to be quite slow because the cumulative time required to compute
the one-burn transfers in succession was quite long and increased
with the number of burns. Therefore, it is suggested that the patched
method be used with a large tolerance to obtain initial results. The
result, of course, is inaccurate solutions. On the other hand, these
solutions should be good starting guesses for faster, more accurate,
yet less robust numerical methods.

Though well suited for a spherical gravity model, the theory de-
veloped here does not necessarily extend in a straightforward man-
ner to problems with more complicated gravitational models. In
such problems, the orbital elements are not likely constants of in-
tegration, and a suitable i (x) for assumptions 1, 5, and 6 in the
preceding theorem becomes difficult to formulate. It may be that,
with a complicated gravity model, each burn merely satisfies a ren-
dezvous problem instead of the free-initialfinal-points problem. In
that case, the patched method may not be so attractive.

The patched method, although not suited for applications requir-
ing rapid computation,has been found to be a fairly robust algorithm
for transfers with large numbers of burns. The theory that inspired
this method hints at an interesting separation of the optimal transfer
probleminto several one-burn problems and an unconstrained opti-
mization over the values of the orbital elements. A goal of further
research is to develop another method based on this theory where
some robustnessis traded for much more speed.
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